Asymptotic Inference for the Constrained Quantile Regression

Process

Thomas Parker
Department of Economics, University of Waterloo

December 20, 2018

Abstract

I investigate the asymptotic distribution of linear quantile regression coefficient estimates when the
parameter lies on the boundary of the parameter space. In order to allow for inferences made across
many conditional quantiles, I provide a uniform characterization of constrained quantile regression
estimates as a stochastic process over an interval of quantile levels. To do this I pose the process of es-
timates as solutions to a parameterized family of constrained optimization problems, parameterized
by quantile level. A uniform characterization of the dual solution to these problems — the so-called
regression rankscore process — is also derived, which can be used for score-type inference in quantile
regression. The asymptotic behavior of quasi-likelihood ratio, Wald and regression rankscore pro-
cesses for inference when the null hypothesis asserts that the parameters lie on a boundary follows
from the features of the constrained solutions.
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1 Introduction

Quantile regression is a standard tool for investigating the relationship between covariates and the dis-
tribution of a response variable. Some research has investigated quantile regression estimation when
coefficients are subject to inequality constraints. For example, penalized spline estimation for condi-
tional quantile functions subject to qualitative constraint such as monotonicity has been developed in
Koenker and Ng (2005), and estimation and bootstrap inference for isotonic quantile regression was in-
vestigated in Abrevaya (2005). Furthermore, the general methods developed in Andrews (2001) apply
to inference for quantile regression coefficients made at a single quantile level. However, asymptotic in-
ference for inequality constrained quantile regression estimates that is suited to simultaneous inference
over several quantile levels has not been investigated. In this paper I provide an asymptotic charac-
terization of linear quantile regression estimates as a stochastic process in quantile level — thereby
addressing simultaneous inference over several quantiles — when the estimates are made under the

imposition of inequality constraints.



Asymptotics for the normal location problem under constraints have been very well studied, and
a detailed exposition is available in a series of well known monographs (Barlow et al., 1972; Robert-
son et al., 1988; Silvapulle and Sen, 2005). Asymptotic properties of the quantile regression estimator
for a single quantile level and other M-estimators under constraints are discussed in Geyer (1994) and
Andrews (1999). Andrews (2001) provides a very general approach to tests based on these estimates.
However, quantile regression has a rather special feature among M-estimators: an analyst may be con-
cerned with simultaneous inference for multiple (even an interval of) quantile levels. In order to apply
to hypotheses on all relevant configurations of quantile levels, the quantile regression objective function
and its solution are considered as stochastic processes over a set of quantile levels 7 = [e,1 — €] for
some € € (0,1/2). This mirrors the inference processes developed in Koenker and Machado (1999)
except that here estimates are made under the imposition of inequality constraints.

In the next section some technical tools are established that are necessary for dealing with the
asymptotics of constrained quantile regression objective function processes and estimate processes. In
Section 3 the dual solution of the constrained coefficient estimation problem is introduced, which is
called the constrained regression rankscore process, and is shown to provide a uniform approximation
to the subgradient of the objective function process. In Section 4 asymptotic theory for the distribution
of constrained estimates is used to propose three inference processes that serve as generalizations of
likelihood ratio, Wald and score or Lagrange multiplier tests of linear restrictions to tests over quan-
tile levels contained in the index set 7. An appendix contains information on constrained parameter
subvectors, some technical results about regression rankscores and two small simulation experiments
illustrating the behavior of supremum- and L2-norm test statistics based on the inference processes

developed in Section 4.

2 Asymptotic theory for constrained coefficient estimates

Consider a linear model for the conditional quantile function of the response variable Y € R given

covariates X € RP:
Qyix(tIX =x) =x"p(7) ¢))

where (1) € RP. Assuming this is a reasonable description of the data, the linear quantile regression
estimator can capture features of the conditional distribution of Y given X in a parsimonious fash-
ion. Suppose that a researcher maintains the hypothesis that $(7) lies in some subset of R? and es-
timates coefficients under this hypothesis. For example, estimation techniques developed in Koenker
and Ng (2005) can be used to estimate quantile regressions under the inequality-constrained hypothesis
RB(t) = r withR € RT*P, g < p and r € R?. Inference may be conducted under the maintained hy-
pothesis K : RB(7) > r, testing the null and alternative hypotheses Hy : RB(t) =r vs. H; : RB(t)>r.
Alternatively the maintained hypothesis may be K : RB(7) € RP with null and alternative hypotheses
Ho:RB(t)=rvs. H  :RB(7) 2 1.

The quantile function of a distribution is the solution to a convex optimization problem. Specifically,

suppose that Y is a univariate random variable with quantile function Q and define the objective function



p.(w) = u(r —I(u < 0)), where I(A) = 1 when event A is true and is zero otherwise. Then Q(7) =
argmin,, E[p.(X —m)] (Koenker, 2005, Section 1.3). Given a sample of iid realizations of the random
variable {V;}I' ,,

m). Quantile regression makes the leap from this univariate model to a regression model by generalizing

the 7" sample quantile can be estimated by computing Q(t) = argmin,, % :.l:l p.(Y;—

the location parameter in the univariate optimization problem to a linear function.

Given a sample {V;,X;}" ,, the 7 linear quantile regression coefficient estimate is defined as
B(r) = argmmZpT Y XTb) 2)
LIS N ——

By varying 7 one has a convenient summary of the way that covariates affect different regions of the
conditional distribution of Y, since 3;(7) = ainQWX(’L'lX ). The solution path over 7 also represents the
set of solutions to a parametric family of optimization problems where the parameteris v € T.

A substantial literature has described inference methods for the solution to (2), either at specific
quantile levels or uniformly over many quantiles. Call ﬁ an unconstrained estimate of # when it is a
minimizer in RP, as in (2). The constrained quantile regression estimator f3(7) for any © € 7 is defined

as

B(r) = argmlnz P Yl XTb)

GB(T) i=1

for a B(t) C RP such as B(t) = {B : RS = r}. One may be interested in inference for several quantiles
at once — for example, whether ainQﬂX(Tle ) > 0 over several {7}, where an analyst imposes the
maintained hypothesis that §;(t,) = 0 for all k in estimation. For a complete asymptotic description
it is most appropriate to develop inference methods for f§ as a stochastic process in which intervals of
quantile levels T € 7 may be considered. The main challenge in considering the constrained quantile
regression process is that given a finite sample the set of binding constraints is random and depends on
the observed sample and the desired quantile level.

The epigraph of the quantile regression objective function is a tractable starting point for the analysis
of constrained quantile regression solutions. Recall that the epigraph of a function f : R — R is
the set epif := {(x,a) eRH1: g > f(x)}. For any k > 1 let F(R¥) be the collection of all closed
sets in RX. Functions are identified with their epigraphs and thereby asymptotic properties depend on
the convergence of a sequence of epigraphs, which are elements of F(R**1). A convenient metric for
measuring distance is the Attouch-Wets metric d» : F(R¥) x F(R¥) — R defined here by

d-(A,B) = Z— sup |d(x,A)—d(x,B)|A1,
d(x,0)<j

where d : RX x F(RF) — R is the Euclidean distance function d(x,C) = min, ¢ [[x —y|| (Beer, 1993, p.
79). This metric makes it possible to discuss the convergence of one epigraph to another, which is called
epi-convergence. In Euclidean spaces, convergence of a sequence of epigraphs in the Attouch-Wets sense

is equivalent to convergence in the sense of Painlevé-Kuratowski (Beer, 1993, Theorem 5.2.10). That is,



the convergence of a sequence of sets {4, } to a limit set A is equivalent to the following two conditions:
(i) for all x € A there is a sequence {x,} with x, € A, for each n such that x, — x and (ii) for each

sequence {x,} with x, €A, for each n, there is a subsequence x,, such that x, — x €A.

Definition 1 (Epi-convergence). Suppose that {f,} and f are lower semicontinuous functions mapping

RP to R. Then {f,} epi-converges to f, written f, R f, if and only if lim,_, o, d =(epif,, epif ) = O.

Epi-convergence is useful because it is an intermediate concept between the pointwise convergence
of functions, which is too weak a concept to describe uniform asymptotic behavior, and uniform conver-
gence, which is too strong because it does not allow for infinite function values, which is the technical
means by which constraints are modeled. When the functions involved in epi-convergence are them-
selves all bounded, epi-convergence is equivalent to uniform convergence on the space of bounded
functions equipped with the supremum metric. Biicher et al. (2014) Sections 2, 3 and Appendix B offer
a compact introduction to related issues and Royset (forthcoming) additionally provides results that are
relevant to statistical properties.

The concepts of convergence in probability and weak convergence in this space have the usual defini-
tions for any (pseudo)metric space (van der Vaart and Wellner, 1996, for example). Consider a sequence
of function {f,,} and a limiting f. Then f, epi-converges in probability to f if lim, P {d z(epif,, epif ) > €} —
0 for each € > 0, where probability is implicitly outer probability to avoid measurability issues. This
will be denoted f, EN f. Weak convergence of f,, to f is equivalent to several criteria (van der Vaart
and Wellner, 1996, Theorem 1.3.4) interpreted in the pseudometric space (F,dr). When processes are
uniformly bounded weak epi-convergence is equivalent to using the space of bounded functions with
the uniform metric, that is, it is equivalent to the weak convergence in £°°(RP) as described in van der
Vaart and Wellner (1996). In the applications of this theory below, the convergence of the quantile re-
gression objective function occurs in the general epi-convergent sense, while for other bounded objects
like quantile regression solutions and inference processes, convergence is equivalent to convergence in
the space of bounded functions, and for this reason, epi-convergence in probability is denoted f, EN f
and weak epi-convergence is written f, ~ f.

The following assumptions and definitions on the data generating process are fairly standard in the
quantile regression literature (Koenker, 2005; Angrist et al., 2006).

A1l For each i =1,...n the sample observations {Y;,X;}.; are iid, where Y; € R, X; € RP. Assume X

contains an intercept and
Qrix(tIX =X) =X Bo(7). (3)

A2 Fy|x has uniformly continuous density fyx which satisfies 0 < fyx(y|X) < oo over the set {y :
0 < Fyx(¥|X) < 1} uniformly in X. Let 7 € [¢,1—€] for € € (0,1/2), and assume 7 C {y : 0 <
Fyx(Y[X) < 1} uniformly in X.

A3 D=E [XX T] is a positive definite matrix.

A4 H(t)=E [fylx(lex(TlX))XXT] is a positive definite matrix.



A5 E[|IX]*] < oo.

Assumption A5 could be weakened to a bound on the 2+7 moment of X for some 1) > 0 if one were
only concerned about the objective surface and coefficient estimates, but a bound on the fourth moment
of X is needed for the uniform consistency of covariance matrix estimators (Angrist et al., 2006, Section
A.1.4). The next two assumptions about the constraints imposed on the true coefficient function f3,
are new additions to the list. Note that f is a function of T € T so the constraint set B is a set-valued
correspondence indexed by T € 7. To discuss dependence on a specific T € T call f(7) € R? marginal
regression coefficients and B(t) marginal constraint sets. Finally, recall that if C € R¥ is a cone with
vertex at v, then x € C implies A(x —v)+v e C forall A > 0.

A6 f3,(-) (as a function in 7)) lies in a closed constraint set B(-) € R? x 7. For each T € T, the marginal
B(t) is convex. As n — 00, dr(+/n(B— ), Tz(By)) — O for some Ty(By) CRP x T.

A7 Tg(By) is a product set: Tz(ffg) =C x T where C € RP is a convex cone with vertex at 0,,.

Assumptions A6 and A7 require that the recentered and scaled constraint set 4/n(B— f3,) € F(RP x
T) can be approximated locally around the true f3, by a tangent set that is invariant in 7. The lack
of dependence on T may be restrictive, but it avoids situations where the tangent set is not stable
over 7 that can lead to discontinuities in the distributions of stochastic processes used for testing!.
Assumption A7 generalizes the approximation of constraint sets by cones in the sense of Chernoff (Geyer,
1994, Theorem 2.1). Note that Ty is not itself a cone because in one direction it is an interval, but by
assumption the constraint set is marginally conical at each 7 € 7. The constraint set is assumed to be
fixed but given the general applicability of the epi-convergence concept, assumption A6 could be relaxed
to a sequence of constraints that converge appropriately to Tz(f,) (see for example Geyer (1994) about
regularity in the convergence of sets to their tangent cones for a fixed quantile level).

It is convenient to reparameterize § as 5 = /n(ff — Bo(-)). If & is the minimizer of the objective
function defined below then f3 = §/4/n + fB, is the minimizer of the usual quantile regression objective

function.

Theorem 2.1. For (6,7) € R? X T, define

S (e (U —X[8/vn)— p.(U), &€ vn(B(t)—Py(1))

+00 otherwise

Z,(6,7)=

'Here is a simple example in which T-dependence of the tangent set is problematic: let B(7) = R? for all 7 and f,(7) =
[(1/2—1),, (v —1/2),]. Then the set Tz(,) C R* x T (recall T = [¢,1—€]) and d~(v1(B— o), Ts(By)) — 0 with

Ts(Bo) = (R xR, x [6,1/2))U(R2 x {1/2}) U (R, xR x (1/2,1—€]).



where the quantile-specific errors U; = Y; — Qy|x(7|X;), and define

—5TG(t)+16TH(7)8, S€ecC
25,7 (v) + 56 H(r)
+00 otherwise

where G is a Gaussian process on [0,11° with mean zero and Cov(G(s), G(t)) = (s A t —st)D. Under
Assumptions A1-A7, Z, ~ Z in (F,dz).

Theorem 2.1 expresses the quantile regression objective function as a stochastic process in tau,
or viewed in another light, as a parametric family of constrained minimization problems in 6 with
T as the parameter. The proof of Theorem 2.1 uses results in Kato (2009) about argmin processes
and epi-convergence results of Geyer (1994) and Rockafellar and Wets (1997). Theorem 2.1 shows
that the objective function has a uniform quadratic approximation that applies to each value of T and
simultaneously provides the main ingredient in the 4/n-consistency result (shown below) that is often
stated as a preliminary lemma in the constrained inference literature, for example in Silvapulle and Sen
(2005, Lemma 4.2.3).

For each n define the solution mapping & ,(-) : 7 — RP for each 7 by

Sn(T) = argmin Z.(6,7).
oe/n(B(t)—Po(7))

Analogously define & : 7 — RP for each T by

5(1)= argmin Z(6, 7).
6eC
Theorem 2.2 below shows that the sequence of finite-sample minimizer processes Sn converges weakly
to the asymptotic minimizer &, and that the value function processes converge weakly as well. Because
Z depends continuously on 7, the sequence of minimizers can be interpreted as a sequence of stochastic
processes in £ °°(RP) that converges weakly to a continuous limit (Rockafellar and Wets, 1997, Theorem
2.6 and Corollary 7.43).

Theorem 2.2. Under Assumptions A1-A7
(@ §,~ 6.
(1) Zy(6y,)~ 2(5,).

By reparameterizing from & , backto 8, part (a) implies that f8 is a uniformly /n-consistent estimator
of By. This argument follows the same order as in Kato (2009) and is slightly different from other
analyses that start by showing the consistency of the estimator and then show its asymptotic normality.
Note also that the constrained estimator can not in general have an asymptotically normal distribution,

because of the potential of binding constraints.



Theorems 2.1 and 2.2 apply to a stochastic process of minimization problems. A little manipulation
allows one to characterize the distribution of the limiting & in a more enlightening way. Lemma 2.3
focuses on characterizing the objective function and the value function at a single quantile, making it
similar to many well known results in the constrained inference literature. The main difference is that

the characterizations below hold uniformly in 7.

Lemma 2.3. Assume A1-A7. Define the stochastic process W € C(T)P by W(-) = H™'(-)G(-), where G
was defined in Theorem 2.1. Then

@ 2(5,7)=3((6—W() H(7)(6 —W(1)— G (1)H (7)G(7))
(b) 5(7)=argmins. (5 —W (7)) H(7) (6 —W(7))
© Z(5(t),7) =—35T(v)H(7)5(7).

If By(7) is in the interior of B(7), then C = R? and the optimum of the resulting unconstrained
quadratic program can be found analytically, and 6(7) = W(1t) ~ N (0, v(1—71)H'(7)DH _1(7)), the

asymptotic distribution for the unconstrained quantile regression estimator.

3 Constrained regression rankscore processes

The quantile regression estimation problem is conveniently posed as an L; minimization problem and as
such it has a dual maximization problem. Gutenbrunner and Jure¢kova (1992) showed that the solution
to this dual problem, taken as a stochastic process in 7, is useful for inference and L-estimation, and
they called it the regression rankscore process. Roughly speaking, the vector of 7™ regression rankscores
can be fashioned into a score statistic for the 7™ quantile regression coefficient estimate. Gutenbrunner
et al. (1993) extended this methodology to tests for linear restrictions in quantile regression models
and Koenker and Machado (1999) extended this to rankscore processes for uniform inference over
an interval of quantile levels. Inference using constrained regression rankscores — that is, the dual
solution to the constrained quantile regression problem — have not been previously considered. Here
the constraint set is specialized to a set of linear inequality constraints and properties of the dual solution
that are useful for inference on constrained quantile regression coefficients are explored.

Given a sample of size n let Y € R" be a vector of response observations and X € R™? collect the
observations with each X lT laying in the corresponding row of X. Specialize the constraint set B(7) to
the marginally linear form B(7t) = { € R? : Rf > r}, where R € R?*P has rank ¢ < p and r € R.
Estimation of quantile regression coefficients under linear inequality constraints has been considered in
Portnoy and Koenker (1997); Koenker and Ng (2005)2. Specifically, the (primal) constrained quantile

regression problem for any quantile level T can be written as

mirl}{rlzu+(1—r)11v :Y=Xb+u—v,Rb>ru,v=> On}
u,v,

2The primal solution can be found using the R package quantreg — specifically, the estimator is implemented in
quantreg’s functions rq.fig.fnc and rq.fit.sfnc.



letting u and v represent positive and negative quantile residuals in estimation. Define

z=|% e RHO*P ¥ = Y e R,
R r

Then the dual of the constrained minimization problem can be written (see the Appendix for more
details)
maX{YTA X"A=0,,,Ae[t—1,7]"xRL}. 4)

pt+q>

The solution to this problem (as a function of 1) is called the constrained regression rankscore process
A A1) = [k 2(7), k (’L’)] in is an (n + q)-dimensional stochastic process that can be subdivided into
Aln [T—1,7]" and JLZn € ]R‘}r for each 7. The 5\1,1 coordinates act like unconstrained regression
rankscores, while the A,, coordinates correspond to Lagrange multipliers that are associated with the
inequality constraints imposed in the constrained problem.

Since the quantile regression optimization problem is a linear programming problem with linear
constraints, it has a solution at one vertex or a convex combination of several vertices, denoted the
p basic sample observations or constraints for that solution. To discuss the set of basic elements of X
and Y, let 7 denote the collection of p-element subsets of {1,2,...,n,n+1,...n+q}. Each h has a
complement in # denoted h :={1,...,n+q}/h. Let X(h) := {X’i’. :i€h}and Y(h) :={Y;:i€h}. Also
define h; =hn{1,2,...n},h; =hn{1,2,...n},h, =hn{n+1,...,n+q} and h, = hn{n+1,...,n+q}.
h indexes all the basic elements of X and ¥, while h; and h, index which elements of the design matrix
or constraint matrix are basic.

Because the quantile regression problem is feasible, it has at least one solution (there may in general
be a hypersurface of solutions), resulting in the following fact, which mirrors Theorem 3.1 of Koenker
and Bassett (1978). Assuming rank(X ) = p, the set of solutions to the primal problem (3) has at least

one element of the form
B(z)=X(h) Y (h)

for some h € # with rank(X(h)) = p (the full set of solutions is the convex hull of all such vertex
solutions). An important consequence of this solution is that exactly p elements of (X,Y) go into the
solution f3, not elements in (X,Y). In other words, only observations indexed by h, will be fit exactly
by the estimated regression plane — i € h; implies Y; = XIT[;(’L'). Similarly, constraints indexed by
h, hold exactly — that is, i € h, implies Rl»’.[; (t) = r;. The configuration of any given sample makes
the number of binding constraints on [3 random, and because card(h,) + card(h,) = card(h) = p, the
number of exactly-interpolated sample observations is also random, in contrast to the unconstrained
quantile regression estimator.

Regression rankscores can be manipulated to provide a variety of different tests (Gutenbrunner
et al., 1993, Section 2) but for the inference processes for quantile regression considered below it is
convenient to use A directly without reparameterization. The random variable used for inference in
the subsequent section uses only the contributions from the A;, subvector. This relies on the fact that
ilni(r) is with a high probability identical to T —I(Y; < X lT Bo(7)), which is a subgradient function for



the quantile regression objective function marginally at 7.

Lemma 3.1. Let ¢ (u) = 7 —I(u < 0). Under assumptions A1-A7,

sup
TET

1 <, s 1 < <
— > Xidni(T)— —= > X (Y =X, ()| = 0p (1).
T 2K = D X (=X B ))‘ p(1)
Lemma 3.2 formulates a relationship between the subgradient of the objective function (at 3 and
Po) and the coefficient estimate. It is used (together with Lemma 3.1) in the next section to provide an
asymptotic description for regression rankscore statistics, which are the quantile regression analog of a

score statistic.

Lemma 3.2. Let ¢ (u) = v —I(u < 0). Under assumptions A1-A7,

sup =o0p(1).

TET

%;Xﬂmm —X/ B~ %;xiwn —X[ Bo(7)) + H(x)vn(B (%) — fo(7))

Lemma 3.2 is similar to Theorem 1 of Gutenbrunner and Jureckova (1992) (see also Theorems
3.1-3.3 of Gutenbrunner et al. (1993)) but tailored to the constrained quantile regression estimator.
It is also akin to the Bahadur representation — that is, an asymptotically linear representation — for
unconstrained quantile regression estimates (Koenker, 2005, Section 4.3), although one should not
expect an asymptotic linear form to hold for estimates that do not have an asymptotically normally
distribution. The typical Bahadur representation would not have the first term in the previous display,
which is negligible when estimates are unconstrained. However, equation (4) implies X Tiln(r) =

—R" X,,(7). That is, unlike unrestricted regression rankscores, X ' A, is not generally equal to zero.

4 Inference processes and their asymptotic distributions

The inference processes considered here were investigated in Koenker and Machado (1999), except that
here inequality-constrained estimates are used. As in Section 3, the hypotheses below are simplified to
polyhedra defined by linear inequalities. Focusing on just these polyhedral constraints implies some
simplification. Specifically let R € R?*P for ¢ < p and let r € R%. Assume rank(R) = q. Type A
hypotheses have maintained hypothesis K : RBy(t) > r for all T € 7 and have null and alternative
hypotheses

HY:RBy(t)=r forallteT

HY{ :RBy(to)>r forsome o€ T.
Type B hypotheses have maintained hypothesis K2 : 8(7) € R? for all T € 7 and null and alternative

HJ :RBy(r)=r forallteT
Hf :RBy(tg) Zr forsometyeT.



Common estimators are used to construct a variety of inference processes below, under either set of

hypotheses. There are three relevant coefficient estimators, labeled

B(7)=argmin > p.(Y;— X b)
b:Rb:T‘ i

B(7)=argmin > p.(Y;—Xb)

b:Rb>r i

(7)) =argmin > p.(Y;— X/ b).

beRP i

The matrix D can be estimated the same way under Type A or B hypotheses: let

1 n
D, =~ > xx;].
i=1

In order to impose the null hypothesis on test statistics for proper size and power in testing procedures,
two different estimates of and H are needed, which only depend on which coefficient estimator is used

in the definition. Define

()= ZK((Yi T /XX
()= - ZK((Yi X7 (o) /)X X,

where K is a kernel function and {h,} is a bandwidth sequence such that h,, — 0 and 4/nh, — oo.
H, using the unrestricted /3 was first suggested in Powell (1986), and given assumptions A3-A5, sec-
tion A.1.4 of Angrist et al. (2006) shows that H,, is a uniformly consistent estimator of H. Finally, the
estimated variance function of the Gaussian process W defined in Lemma 2.3 will be used as a weight-
ing matrix in several places. This estimate also depends on the maintained hypothesis via coefficient
estimate. Let

£,(1)=t(1—1)H,  (7)D,H; (1),
%.(t)=1(1—1)H, ' (v)D,H; (7).
Denote the limit in probability of these estimators as 3. When the data generating process is ho-
moskedastic, this assumption and the linear model assumption imply that the distribution of Y follows
a location-scale model: there is some density function f;, such that fyx(y|x) = o oy =xTp)/ o),
and some quantile function Q, such that Qyx(7|x) = x'B +0Qy(7). Then ¥ is simplified by the fact
that H(7) = 0~ f,(Qo(7))D. This means that the matrix 3, can be reduced to a special case: let

$0(1) = v(1— 1)0f; 2(Qo(2))D: .

Under the assumption of homoskedasticity one may estimate the inverted density (or sparsity) function

10



in X, using the proposal of Hendricks and Koenker (1992) (see Koenker and Machado (1999) for
more details). Analogous to the more general case discussed above, denote the limit in probability of
this estimator as X.

Before discussing inference processes it is necessary to define their limiting process. To this end, it
may help to recall some basic facts about order-restricted inference for vector-valued parameters. In
the classical literature on order-restricted inference the 72 statistic is a common limiting distribution
for likelihood ratio statistics with one estimate subject to inequality constraints. Suppose that under
the maintained hypothesis K : RO > r for some 6 € RP, R € R?*P with ¢ < p and r € R?, we wish
to test Hy : RO = r against H; : RO > r. Suppose furthermore that given an observed sample, k of g
constraints actually hold with equality. Then asymptotic theory implies that under the null hypothesis,
the likelihood ratio statistic and related statistics converge to a )(]f random variable. However, when
estimates are made subject to inequality constraints, the sample realizations randomly determine which
constraints bind. This implies that the asymptotic distribution under the null hypothesis is a mixture
of x,f variables for k ranging from O to ¢, the total number of constraints. This limiting distribution is
commonly referred to as a 72 distribution (Silvapulle and Sen, 2005, p. 75). The weights in the mixture,
{wy }izl, can be derived analytically when the constraints are simple, but simulation is the only general
way to estimate tail probabilities from a %2 distribution (Silvapulle and Sen, 2005, Sections 3.3-3.6).

In order to uniformly describe the behavior of the quantile regression process under inequality con-
straints, a stochastic process that is analogous to the 72 random variable is required. Let B, be a
continuous Gaussian process in R* with mean zero and covariance Cov (Bi(s), Bx(t)) = (s A t —st) x I
fors,t €[0, 1], that is, a vector-valued process with independent Brownian bridge processes at each co-
ordinate. Then define a scaled Bessel bridge process of order k as Q;(7) = ||Bx(7)|l/+/7(1 — 7). Finally,
define Qg as the function that is identically zero over the unit interval. For any integer k > 0 and fixed
T, Qi(r) ~ x,f. Qi processes with a fixed k were used in Koenker and Machado (1999) for inference
processes in unconstrained quantile regression. The asymptotic distribution of inequality-constrained
quantile regression processes is a mixture of Qi processes for k =0,...q.

Definition 2 (Q? process). Let Q?:[0,1] — R be a stochastic process

q
Q¥(7) =Y wi(1)Q2(7),
k=0
where Q is a function identically equal to zero, for k = 1,2,...q, Qj is a scaled Bessel bridge of
order k and w : [0,1] — [0,1]7 is a weight function. Each coordinate of w satisfies w;(7) = 0 and
ST wi(r)=1forall 7.

i=1

A Q? process has marginal 2 distributions. The weight function depends on the constraints and
the covariance function of the process and it can generally be found by simulation.

Given the two different sets of hypotheses, two particular Q? processes are relevant for inference.
Specifying them is equivalent to describing their weighting functions, which are functions in 7. For type
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A hypotheses, let M = {§ € R : R§ = 0,}. Then define the process Q3 by its marginal distributions
i q
P{Qi(r)<c}= Zwk(RZ(T)RT,M)P {x2<c}, c>o,
k=0

where the k™ coordinate of the weight function, w,(V,S) is the probability that k constraints bind
in the minimization problem mingcgX'V™'X where X ~ A (04,V) and S is a region defined by a
polyhedral constraint cone. This means that the distribution depends on the constraints and covariance
function of the coefficient process; it is not a pivotal distribution. Type B hypotheses require a slightly
different limiting distribution: first let C = {6 € R : R6 > 04}, and define the QZB process with marginal

distributions
q

P{Q3(7) <c} =D weRE(TRT,CP {2 <c}, c>0.
k=0

In the definition of this process the weight coordinates w; are defined as in the type-A case. As will
be seen below, the Q% process is only useful under the sub-hypothesis of the type-B null where the
constraints hold with equality.

An analog of the likelihood ratio test generalized to M-estimators was suggested by Ronchetti (1982)
and denoted a p test. A quantile regression p test (for a single 7) is a true likelihood ratio test statis-
tic only under the assumption that the error distribution follows a special asymmetric Laplace density;
generally it simply measures the drop in the value function associated with more- and less-constrained
quantile regression estimation problems. Two closely related p processes for inference over 7 were
defined in Koenker and Machado (1999), for when the scale of the error distribution is respectively
known or unknown. Let V,(t) =Y. p.(¥V; —X lT B) with analogous definitions for V,(7) and V(7). Un-
fortunately, these p processes can only be defined for homoskedastic data, as specified in assumption B1
below. The following regularity conditions are needed to assure that the p processes have well defined
asymptotic properties.

B1 The conditional quantiles of Y given X are described by Qyx(7|X) = X TR + F1(1) for each
TET.

B2 &(7):=n"'V,(7) or 6(7) := n"'V,(7) are uniformly consistent estimators of E[p.(7)] := o(7)

under maintained hypotheses K* and K? respectively.

Assumption B1 maintains that the data is generated according to a homoskedastic linear model Y =
XB+U,U ~ F,where f3 is a T-invariant vector. This implies the model of the conditional quantiles of Y
given X is the location-shift model implicit in simple mean regression models. This is quite restrictive,
but the other inference processes defined below do not require this assumption and have the same

asymptotic behavior, as described in subsequent theorems.
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For the known-scale (set to 1 without loss of generality) case, define

IA(7) = W (V() = T(0))
LE(T) = w (VH(T) - ‘A/n(T)) .

7(1—1)

When the scale of the error distribution is unknown, use

wit) = 2D 104 (5,00, )
n3(s) = 2D 10g (7,50, )).

In the following theorems, all inference processes are bounded functions, and so weak convergence
(denoted ~~) is the standard weak convergence concept for bounded functions used in van der Vaart
and Wellner (1996).

Theorem 4.1. Make Assumptions A1-A7, B1-B2. Then
(@) Under Hy, AA(7) = L(7) + 0p (1) and AB(7) = LE(7) + 0p (1), uniformly over T.
(b) Under HYj, L ~> Q3, where & = %,
(c) Let (B — o)~ & and yn(p — By) ~ 6. Then STZ}O_lS — 5TZO_15 ~Qa.

(d) Let v/n(B —By) ~ & and ﬁ(ﬁ —Bo) ~ 5. Suppose that 6 can logically be divided coordinate-wise
in two sub-processes § =[5, , 52T]T with 61 : T > R and 6, : T — R, and let R =[0gy(p—q)>R2]
where R, € R4 is a rank-q matrix, so that &, is the limit process for the p—q unrestricted coordinates
under HA. Then 5] (R%RT) ' 6,— 51 (R5GRT) ' 6, ~ Q2.

(e) Under Hg, LE ~ Q2 with some weight function w. Under the hypothesis H‘(‘)‘, LS ~ leg, where
Z == 20.

(P Let vn(B —By) ~ 6. Under H, WTs'w — 575,16 ~ Q2.

In Theorem 4.1, Hé must apply to both type A processes (which is usual, in part b) and type B pro-
cesses (in part e) to obtain a fully-specified null distribution. The type B problem has a composite null
hypothesis, and so only under the restricted subhypothesis H6‘ within the larger type B null parameter
space does the p process have an asymptotic Q% characterization. Using the QZB distribution for asymp-
totic inference when H‘(‘)‘ is not true can distort rejection probabilities under the null and lower the power
of uniform inference procedures. Raising the size and power of such tests is the focus of a body of on-
going research represented for example by Linton et al. (2010), Lee et al. (2013), Chernozhukov et al.
(2013), Andrews and Shi (2017), Chernozhukov et al. (forthcoming). Roughly speaking, in this litera-
ture one estimates which constraints bind and conducts inference over this set. This sort of inference is

very different from the asymptotics discussed here and is beyond the scope of this paper.
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Also, the restriction of a set of linear hypotheses and a linear model for conditional quantiles may
be seen as rather restrictive, and could potentially be generalized, although when both the model and
hypotheses are allowed to be nonlinear (for example, B could be some sort of differentiable surface),
great care must be taken to ensure that tests are conducted appropriately — the pitfalls of conducting
inference under nonlinear restrictions using nonlinear models are illustrated succinctly in Wolak (1991)
for the vector (that is, non-process) case.

Parts (c) and (d) of Theorem 4.1 may be useful for simulating the asymptotic distribution of the
process for type A processes. Particularly, the form of the null in part (d) relies on inequality restricted
parameter values that may take less time to find via quadratic programming problem than the full
parameter vector.

The major drawback of the p processes above is that they require homoskedasticity and therefore
have limited appeal in the quantile regression context. Wald processes can be defined when the data
are heteroskedastic, allowing for a richer model of the conditional quantiles of the response. A Wald
process is a measure of the distance between the hypothesized 8 and an estimate under the maintained

hypothesis as a process over 7. Specifically, for each 7 € T define

WA(T) = n(B(r)— B(x)TRT (RE,(TRT) ™ R(B(7) — B(r))
WE(w) = n(B(x) = B(=) R (RE,(DRT) " R(B(x) — B(x)).
The following theorem describes the asymptotic properties of these statistics.
Theorem 4.2. Make assumptions A1-A7. Then
(a) Under Hé, W,f ~ Qi
(b) Under H, W5~ Q? with some weight function w. Under Hj, W2 ~ Q2.

Note that inference using the Wald process requires no assumption about homoskedasticity as the
p-processes do, and the limiting distribution is the same as for those processes (except with the more
general ¥ replacing X;). Because the limit process is otherwise identical, parts (c), (d) and (f) of
Theorem 4.1 also apply to the asymptotic limit of Wald processes.

Rankscore processes need the same assumptions as those made for Wald inference. For a type
A hypothesis, the restricted model involves an equality constraint and can therefore be estimated via
reparameterization using the standard quantile regression estimator (Gutenbrunner et al., 1993, remark
on p. 312). Let

5,(v) = B, (1)K TA,(7)/ v/
§u(0) = B (o)X TA,(0)/ V1,

where A,(7) is the regression rankscore process under the assumption that the constraints bind. Next
define a quadratic form based on normalized differences between less- and more restricted regression
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rankscore processes:

TA(T) = (8,(1) = 5a(7)) RT (RE,(T)RT) ' R(8,(7) — §ul(r))
T(r) = §T(t)RT (RS, (v)RT) ™' RS, (7).

Rankscore statistics in constrained problems may require two estimates, instead of just one estimate
under the null, because of finite-sample conditions that may cause some constraints to be binding while
others are slack, as was alluded to in the discussion around Lemma 3.2. Under the type A maintained
hypothesis, the score may not necessarily be exactly equal to zero and this leads to the use of S, in the

formula for T;“. Note that Tf implicitly subtracts the unrestricted S, from §,, because $,,(-) = 0,.

Theorem 4.3. Under assumptions A1-A7, T;:\(T) = Wr’l“(’r)+op (1) and Tf(ﬂ:) = Wf('r)+op (1) uniformly

in-T.

Therefore the regression rankscore processes result in the same asymptotic inferences as the Wald
processes under the same assumptions. Under the restriction of homoskedasticity, density-related terms
in H and X cancel and it can be seen that the regression rankscore test statistic does not depend on the
response distribution. However, under heteroskedasticity it will still be necessary to estimate H. Finite-
sample behavior of these processes could, of course, be different, as well as finite-sample behavior of

test statistics derived from these processes using supremum or L? norms, for example.

5 Conclusion

I describe asymptotic distributions for constrained quantile regression objective processes and con-
strained quantile regression coefficient estimate processes. Asymptotics for inference processes similar
to Koenker and Machado (1999) can be derived from the properties of the asymptotic objective surface,
coefficient estimates and the constrained regression rankscore process. For a single quantile level the
test statistics here are related to well-known results in the constrained inference literature. However,
uniform hypotheses for constrained quantile regression coefficients over a set of quantile levels are also
derived. There opportunities to generalize these results, in particular using the recent literature on in-
ference for many moment inequalities, and also these methods could be extended to conduct inference

in more complex models of conditional quantiles.

A Proofs

Proof of Theorem 2.1. Let U; :=Y; —Qyx(t|X;) =Y; —Xl.T[jo(T) and for a fixed 7 let 6 = v/n(f —Po(7))
for B € RP. Using Knight’s identity (Knight, 1998) write the finite part of the objective function process
for (6,7) € RP x T as

2. (s (U =X]6/3) = po(U) = 6" Z14(7) + Z31(5, )
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where

Z1,(7) = = 3 X (e = 1(U; < 0)

and

x15/vn
Z3n(8,7) =ZJ Jn(I(U; <5)—1(U; < 0))ds. (5)
i 0

Next define the “intermediate” lower semicontinuous process

§721,(7) + 38 TH(1)5 6 € v/n(B(7) — fo(7))

(e%) otherwise.

Y, (6,7)=

Consider the difference between Z,, and Y,. Lemma A.1 implies that for each 6 € v/n(B— ),

sup |Z,,(8,7) — Y,(8,7)| = sup | Z,,(8, ) — 8 ' H(7)5/2| = 0p (1),
TET TET

in other words, Z,(6, ) LN Y, (6, 7) uniformly in T as n — oo for each 6 € y/n(B— ). Then Lemma 1
of Kato (2009) shows that sup...;supsex 1Z2,(6,7) —Y,,(5, 7)| 2, 0 for all compact K € RP.

A useful distance estimate is defined in Theorem 4.36 of Rockafellar and Wets (1997), which shows
that a sequence {f,} epi-converges to f if and only if it converges in terms of &Y, which is not itself a
metric or pseudometric, and is defined by

d,(epif,epig) = min{n > 0 : epif NyBy; C epig + By, and epig NyBy,1 C epif +MBjs1}.  (6)
Fix a y > 0 and define the compact set K, = yB,,, N +/n(B— )N T. The condition

||Zn - Yn“KY ‘= sup |Zn(6: T) - Yn(5: T)l ="

6€kK,

implies that Z,(6,7) = Y,(6,7) —n for all (6,7) € yB,11 N'T so
epiZ, NyB, o S epiY, —n S epiV, + 1B,

and similarly

epiY, NyB, o € epiZ, —m € epiZ, + NBp,,.

These two conditions imply that
dy(epizn: eplYn) < ”Zn - Yn ”KY .
Then the uniform convergence of Z, and Y,, on compacta implies

0< lim P{d,(epiz,,epi¥,) > e} < lim P{||Z,~YV,llx, > e} =0.
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Theorem 4.36 of Rockafellar and Wets (1997) then implies that Z,, N Y,, in probability.
Now define the sequence of “extended indicator” functions {w,}, where for each n,

0 6 € vn(B—p(7))
wy(6,7) =
+00 otherwise

and
0 6 €Tx(0,7
w(b,T)= 5(0,7) .
+00 otherwise

Note that these functions are lower semicontinuous by construction. Chernoff regularity implies that
(Geyer, 1994) +/n(B(-) — B(-)) — Tx(0,-), in other words that w, 2 w. Also define y,(6,7) =
—5"Z1,(t) + 6 TH(7)5/2 and 2(5,7) = —8'G(t) + 6§ 'H(7)5/2, where the Gaussian process G is
described in the statement of the theorem. The above functions are defined such that Y,, = y,, + w,, and
Z=z+w.

A calculation in Theorem 3 of Kato (2009) (specifically showing equation (14) in the proof) implies
that Z;,, ~ G in the space of bounded functions on 7. Use an almost sure representation (Dudley,
1985, Theorem 4.1) to construct a sequence {Z;,} such that Z, — G almost surely, where Z], ~ Z;,
and G* ~ G, and use this sequence to construct a sequence of functions {y} and a function z* that have

analogous properties. Then y % 2* almost surely by Theorem 7.46 of Rockafellar and Wets (1997),
which implies Y,, ~ Z. The fact that d(Z,,,Y;,) % 0and Y, ~ Z implies the result. ]

Lemma A.1. Let Z,, be the function defined in (5) in the proof of Theorem 2.1. Then for each 6 €
Vn(B— By), under Assumptions A1-A7,

sup [E[Z5,(8, 7)1 -8 TH(7)5/2| 5> 0
T€T

and

P
sup |ZZH(55 T) —E [ZZn(5, T)]l — 0.
TET

Proof of Lemma A.1. The arguments here follow Kato (2009); here X is considered stochastic and there
is no location-scale model imposed on the data. Once again let U; = Y; —Qyx(7]X;) = Y; —XiTﬂO(T).
Consider the first assertion. Taking expectations conditional on X and using the independence between

observations,

1
E[Z24(5, 7)IX] = %ZéTXiE[ J Va(I(U; < (X[ 6/+/n) x )= I(U; < 0)) ds|x;
i 0

= %Z5TX1' (\/H(Fy|x(Qy|X(T|Xi) + (XiT5/\/ﬁ)s|Xl~) _ T))
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For each term in the sum, the identity T = Fy|x(Qyx(7|X;)|X;) implies that
1
\/E(FYlX(QYlX(TlXi) + (XiT5/\/H)S|Xi) - T) =Xl~T5J Frix@Qyx(71X;) + (XiT5/\/H)S|Xi)dS-
0

Note that the difference between this and (X lT 8) frix(Qyx (7|X;)|X;) is uniformly negligible for large n

1
XiT5J leX(QYlX(Tlxi)+(X£|—5/\/H)3|Xi)ds_XiT5fY|X(QY|X(T|Xi)|Xi)
0

1
SmiaX|Xl.T5|f |fY|X(QY|X(T|Xi)+(XI'T5/\/H)S|X1')_fY|X(QY|X(T|Xi))~ds;
0

and assumption A5 implies max; |X lT 6| =op (nl/ 2) (Angrist et al., 2006, part A.1.2), and

1

maxsup sup frx Qyx (TIX:) + (¢ 8/ v/M)s1X) — frix (Qyix (T1X)IX)lds = 0p (1)
L 1eT §:6|I<K Jo

for each K > 0. Therefore for each 6,
1
= 238X (VA (Fyix @ui (s1X) + (X 8/ Vs ) — 7))
i

1
- %ZéTXi [J leX(QYIX(T|Xi)|Xi)5d3:|XiT5 +0p(1).
i 0

Letting n — oo proves the first assertion.

Now turn to the second assertion. For any 6 and each 1 € T

E[(Zn(7,8) —E[Zon(7,6))*] < E[ 23 (7,5)]
1 ! ’
n
i 0
1
< EZE[(XI.T(‘S)z]P {lul < 1x76/vnl}
i
The probabilities in these terms are asymptotically negligible uniformly in 7 by the uniform continuity
of fy|x, and the bound on the moments of X implies that the difference above converges in mean square
to zero; convergence in mean square implies convergence in probability. Next, to show that Z,, is

asymptotically equicontinuous in probability, rewrite U; as Y; —Qy|x(7|X;) to stress its dependence on
7 and define for a bounded triangular array {&;,}

In(®) = = DT 8) (1 < Qi) + X ) = 1% < Qe (7IX)).
i=1
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Then some calculation shows that for any 7; < 7 < 75,
E [(Jn(T) _Jn(Tl))Z (Jn(TZ) _Jn(T))z:I

2
<3E (%Z(XI@Z (FY|X (QY|X(T2|X)+XT§in)_FY|X (QY|X(T1|X)+XT§in)))

Because max; ||X;|| = op (nl/ 2) and F is absolutely continuous, Theorem 13.5 of Billingsley (1999)
shows that this implies asymptotic equicontinuity in probability of J,;, and uniform (in 7) convergence
to zero, which also applies to its integral, Z,,,. [ |

Proof of Theorem 2.2. Theorem 2.1 shows that the sequence of finite-sample objective functions epi-
converges to a limiting objective function. Use the almost sure representation theorem (Dudley, 1985)
to choose Z* and Z* such that Z ~ Z, for each n, Z* ~ Z and Z 5 7%, Let Sn(r) = argming Z(5, T)
(with equality since Z* is strictly convex) and 6*(7) € argming Z*(6, 7).

The objective functions are convex and level-bounded in & locally uniformly in 7 (Rockafellar
and Wets, 1997, Definition 1.16) because they are convex and lower semicontinuous and Z7(0,7) =
Z*(0,7) = 0. Therefore epi-convergence of Z, to Z and Theorem 1.17 of Rockafellar and Wets (1997)
shows that infs Z,,(6, ) ey infs Z(6, 7) for each 7.

Theorem 7.41 of Rockafellar and Wets (1997) shows that because Z (-, ) is a convex lower semicon-
tinuous function in &, the solution 67,(7) is a locally bounded and outer semicontinuous multifunction of
7. Corollary 7.43 of Rockafellar and Wets (1997) shows that 6* is a single-valued, continuous function
of T because for each 7 it is the minimizer of a strictly convex problem on the tangent set. Therefore
for each nn > 0,

P {sup dz(limsup 67 (7),6%(7)) > n} =0

TET n
which implies part (a). Part (b) follows from Proposition 3.1 of Geyer (1994) applied to each T, epi-
continuity in 7 of the functions {Z} to Z* and the almost-sure representation. [

Proof of Lemma 2.3. Recall the definition Z(5,7) = —6' G(t) + 6 'H(7)5/2. Part (a) results from
rewriting the objective function: because H is positive definite for all 7, Z can be rewritten as (recall
W(r)=H"(7)G(7))

Z(6,7)= %5TH(T)5 — &8 "H(t)H Y(1)G(7) £ %WT(T)H(T)W(T) 7)
= (G W) HE)E = W) — ;W (DHEW (). ®)

Furthermore, the second term does not depend on &, which implies part (b).
Finally, note that by part (b) 6(7) is a projection of W(t) onto C using the norm ||A| H(r) =
(hTH(7)h)Y2. Therefore (in terms of this norm) () and W(t) — §(1) are orthogonal — see, for
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example, Section 2 of Shapiro (1988). Rewrite (8) as the orthogonal decomposition
Z(5(r),7)= (||6(r) WDy = IWDIE )
=IO ©

which is the statement in part (c). [ ]

Proof of Lemma 3.1. For any 7 first note that the solution (A.11-A.12 in Appendix) implies

i=1

lEh lGhl

Add and subtract % Ziehl X (Y; —Xi—l—/;(’[)) and note that ¢ .(Y; —Xl.T[E(T)) =1 when i € h; to find

— X () - T)+—ZX¢(Y ~X]B(r)).

ieh,

G

Because of assumption A5 implies that max; ||X;|| = op (nl/ 2), as detailed in part A.1.2 of Angrist et al.
(2006), =1 < A1, — 7 < 0 and 0 < card(h;) < p,

sup Zx A1ni(7)—7)|| < pmax||X;[l/v = 0p (1)
TeT leh t
so that
L Si )= LS (v —x A =
i:l;_ \/ﬁ;Xlllm(T) ﬁgxlwr(Yl Xl‘ ﬂ(T))|_OP(1)- (10)
[

Proof of Lemma 3.2. Label the difference

AS(c) = %inwn —xT (o) - %mem — X7 Bo(r)) + H()WA (B(7) — Bo(0)).

Assumption Al implies the conditional quantiles of Y given X = X; are Qyx(7|X;) = XiT Bo(7T).
Define

8B, =2 > Kb (%=XTB), galB, )=~ DX, (7= Fy O BIX,)),
i=1 i=1

and gn(a, T) = \/ﬁ(gn(ﬂ) T) - gn(/j, T))
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Adding and subtracting vng,(f(7), v) and vng,(Bo(7), T), write AS(7) = &1,(1) + E2,(7) where

E1n(7) = Ga(B(7), ) = GulBo(7), 7),
Eon(7) = VL {ga(B(7), ) = gn(Bo(7), T)} + H(D)VA (B () — Bo(T))-

It will be shown that these two terms are uniformly asymptotically negligible.

Appendix A.2 of Kato (2009) (or similarly, the stochastic equicontinuity argument used in section
A.1.2 of Angrist et al. (2006)) can be adapted in a straightforward manner to show that under Assump-
tions A3, A5 and A2,

sup  sup  |Ga(BrT)— Gu(Bo(T), T)| 20
T€T BeB(t):IBll<M

for each M > 0, that is, that sup,c7 SuPges(r):|pj<m |1€1n(T)| = 0p (1) for each M > 0. Uniform consis-
tency of f3 then implies the first term is negligible.
For bounded & € RP such that By,(7)+ 6/+/n € B(71),

n 1
Vi (gn(Bo(v) +6/v, T) — gn(Bo(7), 7)) = ;—%inXI 5/vn f Frix (Quix(eIX) +5 x X[ &/ v/nlx;) ds
i=1 0

and the gradient of g, with respect to § evaluated at fy(7) is
_-15 T 20
V&n(Bs Tlp=py(x) = " ZfY|X(QY|X(T|Xi)|Xi)XiXi =—H, (7). (1n

i=1

Then for any & such that By(t)+6/+v/n € B(7), ||8]| < M,

V7 (80 (Bo(%) + /3, 7) — g4(Bo(7), 7)) + HO(2)3]| =

Then Assumptions A2 and A5 imply for each M > 0,

n 1
;_%inxi%/‘/ﬁxf frix (Quix(TIX) + X[ 6/ v/n1X;) — fyix (Qyix (T1X)IX;)ds
i=1 0

sup  sup | Vn(ga(B, )~ galBo(7), 7)) + HY(D)Vn (B — Bo(7))| = 0p (n71/?).

€T peB(T)IBlI<M

That is, SUp 7 SUPgep(o):|pll<m |2, (T)| = 0p (1) for each M > 0.
Let € > 0, and choose an M such that

limsupP {sup I1B(T)] > M} <e.

n—oo TeT

It is possible to choose such an M because Theorem 2.2 shows that [3 is uniformly 4/n-consistent over
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T. This all implies that for any y > 0,

limsupP {sup ||AS(T)|| > }f} < limsupP {sup sup ||Af1(r)|| > y} +P {sup 1Bo (T > M}
T€T

n—0oo n—0oo TET peB(T):(IBlI<M

< 11msupz sup  sup &, (7)| +e.
n—oo S5 reT BeB(r):lIpll<M

Since € is arbitrary we have that

1 < . 1 < T 0 .
sup| 7 2 X8y =X B = = 3 it (=X Bo() + YW () = Bol) = 0 (1),
Because H g converges in probability to H uniformly in 7 this implies the result. [ |

Proof of Theorem 4.1. The statement in part (a) is Corollary 1 of Koenker and Machado (1999, p. 1298);
its proof is unchanged by restrictions on the parameter vector.

Note that the hypothetical parameter spaces can be rewritten in terms of & under the null hypothesis
H’g. Under Hé‘, the parameter space { € RP : R} = r} is equivalent to {6 € RP : R6 = 0,}. Similarly,
under H{)‘ (not Hg), {B €RP:RfB >r} is equivalent to {5 € R’ : R6 > 04}

For each 7, Lﬁ(ﬂ:) is a scaled version of the difference process
V(1) = V(7)) = Z,(5,(7), ©) = Z(5,4(7), 7).
For each 7 rewrite this as (Koenker and Bassett, 1982)

Zy(6,(7), T) = Zo(6,4(7), 7) = Zo(6,(7), ) — Z(6,(7), 7) + Z(8,,(7), ©) — Z(5(%), 7)
+2(6(1),7)—Z(5(7), 7)
+Z(5(7),7) = Z(5,(7), T) + Z(8,(7), 7) — Z,(5,(7), 7)
=27(5(7),7)—Z(5(7), ) +R(7) (12)

where by Theorems 2.1 and 2.2, sup, ||[R(7)|| = op(1). Note that convergence here is of bounded
functions and the value functions are almost surely bounded by part (b) of Theorem 2.2, so that this
is equivalent to usual weak convergence in the space of bounded functions. This and the continuous
mapping theorem establish part (b).

To characterize the limiting distributions in part (b) note that under assumption B1 with the known
scale of the error distribution normalized to 1, the variance of W(7) is the simpler £y(7). Assume
H’g and rewrite (12) using Lemma 2.3, part (a), and scale it to find an asymptotic expression for the
marginal distributions:

LAt)~ min (§—W(t) Z;(7)(6 —W(1))— min (6 —W() M (7)(E—W(r).  (13)
0:R6=0 6:R6>0
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Corollary 3.7.2 of Silvapulle and Sen (2005) states that the marginal distributions follow 2 distributions
with the given weights for each 7, that is, that the process tends to a Qi process.

To show part (c), rewrite (13) using the minimizers to each problem as
LA(T) ~ (6(7)— W(T))T M) (8(r)—w()—(86(x) — W(T))T =1 () (6(7)—w(r)).

Adding and subtracting WT(T)ZO_1W(T), note that because each asymptotic solution is a projection
onto the subspaces C or M defined in the statement of the theorem, a Pythagorean theorem in the

&) 2
51(,1_) - ||5(T) W(T)”Z

Substituting in the appropriate terms and rearranging results in part (c).

norm ||v||20—1(r) = (VTZIalv)l/Z holds for each term, for example, ||W(T)||§:

S 2
IBEOIE .,
To prove part (d), it is convenient to define

O

q(8,7) = (6 =W (7)) 55 (7) (6 —W (7))

2(52,7) = (5, — Wo (1)) (RE(T)RT) ™ (5, — Wy())

where R takes the special form specified in this part. These are nearly the same as (A.3) and (A.4) in
the appendix except that they use Zal in the place of H — under the assumption of homoskedasticity,
these two matrices are scalar multiples of one another. Add and subtract a term to write the right-hand
side of (13) as

5%2061(5, ) =W (1)%5 (1)W(7) _5%2061(5’ )+ W (0 (1)W (7).

The assumption about the decomposition of R made in this part is equivalent to condition S in the Ap-
pendix, so Theorem 1.1 of the appendix can be applied. Using part (a) of Theorem 1.1 in the appendix,
with 20_1 replacing H, this is equal to

min_4>(5,7) =W, (1) (RE(DRT) " Wa() =G/ () (I =R)Zo(2)I ~R)") G (%)

— min q5(5,7) + W, (o) (RE(DRT) Wa(®) + 6 (1) (U =R)Zo(r)I ~R) G (7).
Cancel the parts that involve G, and, using the definition of q, and a Pythagorean theorem in || - ||251(T)
to rewrite this as the expression in part (d).

Turning to part (e), the analysis of type B processes is nearly identical to that of type A processes.
Making the same series of manipulations one finds that the process converges to some stochastic process,
which depends on the true parameter value so remains unknown because the parameter is generally
restricted to a cone with nonempty interior. Under the hypothesis H4, Corollary 3.8.3 of Silvapulle
and Sen (2005) asserts that the asymptotic marginal distributions are ¥ distributions with the weights
stated in the description of the Q% process.

Part (f) is shown in the same way as part (c) except that 5()=w(). [ |

Proof of Theorem 4.2. The continuous mapping theorem and Theorem 2.2 imply part (a). Suppose that
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Hé is true and consider the form of this 7™ marginal difference in asymptotic quadratic minimization
problems:

A(t)= min (6—W()'=H ()6 =W(1))— min (6§ —W (1)) = H(1)(6 —W(1)). (14)
&:R6=0 &6:R6>0

Because M is a linear subspace of C, applying equation (3.7) of Shapiro (1988) shows that this follows
a j? distribution with weights given in the definition of the Qf‘ process. Now it remains to show that
this random variable has the same distribution as the marginal asymptotic distribution of the type A
Wald process.

Divide the parameter space into directions parallel to the constraints and orthogonal to them in the
norm [|v|ls-1¢ry = (vT =71 (1)v)/2: following Amemiya (1985, Section 1.4.2), define another matrix
S € R**? such that M = [ST,R"]" is nonsingular and SE(7)R" = 0;.q- Then the quadratic forms
in (14) can be rewritten. For example,

G -WD) = D)E-W(e)=(E-W() M (MT) " 271 ()M M5 —W(r))
=(6—W() M (Mu()MT) " M(5—W(r))

(s=(1)s™H! 0
(% (RZ(7)RT)!

= (6-wW(r)ST(su(x)sT) ' S(6—W (1))
+(E—W(T)RT (RD(T)RT) ™ R(5 — W (1))

=@G-w(r)' M’ M(5—W(1))

When minimizing subject to the constraints R > 0, it is always possible to set the first term equal to
zero because it is orthogonal to the constraints. This means that the only (possibly) nonzero element is
the final term involving R, for example, that

min (6 —W (1)) Z7(7)(6 —W())= min (6 —W(7))"RT(RZ(T)RT)R(5 —W(1)).
§:R5=>0 5:R620
Applying these calculations to both halves of the right-hand side of (14), we have that
A(r)=(6(1)— S(T))T RT(RE(T)RT)'R(6(7)—6(x)) ~ 12,

with the weights given in the definition of the Qi process. To find the marginal distributions of the
asymptotic type B process asserted in part (b), the same algebraic manipulations as above can be applied,
and combined with (3.1)-(3.6) of Shapiro (1988). Under Hg this follows some form of Q2 distribution,
but under H‘é this difference has the distribution of the (_2]23 process. [

Proof of Theorem 4.3. Working with the type A process, manipulate TT‘;‘(T) as follows: using Lemma 3.1
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and Lemma 3.2, write the difference

Sn(7) =8(7) = —H,  (DH(T)VA(B(7) = Bo(v)) + H,  (DH(T)Vr(B(7) — Bo (7))
= Vi (f(m)—B(r)) +o0p (1),

uniformly in 7, using the fact that H,(-) is a uniformly consistent estimate of H(-) and nonsingular.
Substitute this into Tfl‘(r), and the continuous mapping theorem implies the result. The type B process

uses the same steps and the fact that §,(-) = 0,. [
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Appendix to “Asymptotic Inference for the Constrained Quantile

Regression Process”

December 20, 2018

The first section describes asymptotic behavior of quantile regression coefficient estimates when
only a subset of coefficients is constrained and the rest are unconstrained coefficients. Next there is a
short discussion about obtaining dual solutions from the primal quantile regression coefficient estimate
since at present no specialized software exists to construct such solutions automatically. Third, a section
relates the rankscore statistic of Koenker and Machado (1999) to the rankscore statistics used in this
article, which look rather different but are equivalent under the right conditions. Finally there is a
section that offers two small simulation experiment examples for testing in a one-sample situation and

in a simple regression model.

1 Subvector distributions

It may be of interest to know the distribution of parameter estimates when one subset of coefficient
processes is constrained and the other is unconstrained. Assume that the covariates can be split into
two groups that correspond to parameters that lie on respectively the boundary or the interior of the
parameter set (as specified below). A more complex setting is analyzed in Andrews (2001).

Suppose that the coefficient vector 8 can be logically divided into two groups as 3; € R®, 3, € R?
such that s + g = p. ; represents unrestricted parameters and f3, represents the vector of coefficients
restricted by the null hypothesis to the boundary of the parameter set. Split the main components of

the limit process into conformable pieces as

_16:0) o _ [Hu() Hi()
5(')‘[52@)} H()_[Hm(') sz(-)] A
1 G0) S| W0)
G() = |:G2():| wW()= |:W2():| . (A.2)

Also define 2 = [0, I;], g X p matrix that selects the 3, coordinates from f(7) and other conformably
split vectors and matrices.
Assumption S implicitly defines which coefficients are restricted and which are not by specifying the

form of the (marginal) tangent set.



S The asymptotic parameter space C can be subdivided as C = C; x C,, where C; = R® and C, C RY

is a convex cone.

Finally, define two asymptotic quadratic objective functions like the one shown in part (b) of Lemma 2.3:

q(5,7) = (6 —W(x) H(?) (6 —W(r), (A.3)
42(82,7) = (8, = Wo(e)) | (BHH()ET) ™ (5, = Wa()). (A4)
The following theorem summarizes several properties of subvectors of 6(7). In particular, an an-

alytic solution is can be found for parameters that lie in the interior of the parameter space, although
they depend on the value of the parameters on the boundary.

Theorem 1.1. Fix a value of T € T. Divide the solution vector 5(7) into two subvectors & 1(t) and 5 5(7)
corresponding to the definition in (A.1). Under assumptions A3, A4, A6, A7 and S,

(@ WT(DH(T)W(r) =G| (T)H(T)G1(7) + W, (1) (EH—l(r)ET)_1 Wy (7).
(b) mingeq(6,7) = ming,ec, 42(62, 7)

(© 6,() = argming ; q5(55,7)

(@ &,(7) =H (v)Wy (1) — H (7)H;5(7)6,5(7)

Proof of Theorem 1.1. This proof follows the method developed in the proof of Theorem 4 of Andrews
(1999) to divide the asymptotic quadratic form into parts that depend only on f3; or f3,. First define

Alr) i |:—H1_11(T)H12(T)

I

}GRW.
q

Then define P (7) := A(7)Z and P(7) := I, — PL(7), that s,

PJ_(T) _ |:Os><s _Hl_ll(T)H12(T):| , P(T) _ |: Is Hl_ll(T)le(T)] .

qxs Iq qxs Oqu

Then in terms of the norm || -|| ;) defined for x € R? by ||x|| ;) = (xTH(7)x)'/2, P(7) projects vectors
in R? onto the subspace L = {x ERP :x=[u', 0(—;]T forue Rs} and P*(1) projects vectors onto its
orthogonal complement. That is, for any x, y € R?, (P1(7)x) H(7)(P(t)y)=0.

The following quadratic form in W can be split into parts corresponding to f3; and 3, using the
orthogonal projections P*(t) and P(7):

W (DH(DW(r) = (PL(0W () H(z) (PL(1)W (1)) + (P(0)W (1)) H() (P(T)W (7). (A.5)

Note that
ATH(t)A= (2H(v)E) (A.6)



can be verified by algebra, and also that

Hy} (%) osxq]
OqXS Oqu

P(0)H Y1) = [

The (2, 2) block of the above matrix is the result of direct calculation after writing H~*(7) as a partitioned

inverse. These equivalencies imply that

Hff(r)cl(r)} ~

P(t)W(7) = [ 0

q

Use (A.6) and (A.7) to rewrite (A.5) as
WT(DH@W(T) = 6] (DHF(1)Gy (1) + W, (1) (BHY(0)ET) ™ Wy(o),

which is the decomposition in part (a).

Now define another quadratic objective function,

q1(51,85,7) = (81 + H2(7)Hy5(7)8, — HT2 ()G (7)) | Hy (7)x
(61 + H (7)H15(7)85, — H (7)G1 (7).

Using the fact that

P&(1) = 51(T)+H1—11(g)H12(T)52(T) ,
q

make the orthogonal decomposition

q(8,7) = (P*(7)s —pi(f)vv(f))T H(7)(P(7)s — PH(m)W (1)) +
(P(1)8 — P(1)W (1)) H(7) (P(7)6 — P(T)W (1))

and (A.7) to rewrite q(6,7) = q1(61,05,7) +q5(64, 7). For any given value of the subvector 6,, q; is
a quadratic form that is minimized over C; = R’, which implies that mins ¢¢, q1(01,62,7) = 0. This
implies part (b).

To show part (c), note that

0 < ¢5(6,5(7), ) — min qy(55, )
6,€Cy
< q1(61(7),65(7), ) + q2(85(1), 7) — min g5(5,,7)

2€C,

=q(5(x),7)— minq(5,7) =0,

where the equality follows from part (b), the decomposition of the quadratic objective function and the
definition of § (7). This implies part (c).



Finally, since g(8(v), 7) = minse. q(5,7) = ming,cc, 42(52, ) and q(5(v), 7) = q1(81 (), 85(), 1)+
q2(55(7), 7), we know that q;(5,(7), 65(7), 7) = ming ec, 41(01, 5,(7), T) = 0, which implies the solu-
tion in part (d). ]

2 Recovering inequality constrained dual solutions

Putting (3) in canonical form (Boyd and Vandenberghe, 2004, p. 147) makes it easier to transition to

the corresponding dual problem. The canonical primal problem is defined as
min{ch :Ax—beTx GS},
X
which has dual problem
max{bTy cc—A'yeStye T*} .
y

where S* and T* are dual spaces associated with S and T (Koenker and Ng, 2005, p. 420).

To rewrite the primal problem in canonical form, let

u 71,
I, -1, X Y
x=|v|,c=|(Q—-71)1,]|,A= , b=
0
b q

0,

and T =0, x ]Ri and S = Ri" x RP. Then the minimization problem can be written

u u u
I -1, X Y
: T T oT | I n q 2
51,1v1,rbl [Tln (1-1)1, Op] v .|:0 :| v —|:r:|€0n><]R+, 1; €R?" x RP

This has the dual problem

Tln In Onxq
A]_ A‘]_ 2n n q
max [v7 7] Q=D = | =l O | | [ERT X0, 2R xR L (A8)
2 0, xT RT |72
Let A = [iT, ig]T denote the solution to the dual problem (A.8). Using the definitions of Y and X
made in the main text, the dual program (A.8) can be collapsed into the more compact expression

relr—1,7]" xR}, (A.9)

G119 .vIq
mfx{Y A:X 7L—0p+q,

Strict duality ensures that once the optimum has been found, the dual value function is identical to the
primal value function (Boyd and Vandenberghe, 2004, p. 226-227), that is,

Y A=r1lad+(1—-1)1]¥ (A.10)



where ii and ¥ are vectors of positive and negative residuals from the constrained quantile regression
fit, respectively.
The individual dual variables can be recovered from the primal solution and the definitions of h;

and h,. To satisfy equation (A.10), first solve for all the coordinates in h by setting

T i€hy, ;>0
) ={A} =371 iehy, #>0 (A.11)
0 i €h,.

After this mapping process there remain the p non-assigned elements in h. Solve for these final terms

by using the other condition

XTA=0, &X"(WAR) +XT(WA(h) =0,
s A =—X "W)X T(WAM). (A.12)

Finally, a note on implementation: the R package quantreg (Koenker, 2017) can be used to solve for
the primal solution, that is, the constrained quantile regression coefficients. By default the constrained
estimator uses an interior point method to find solutions. This is not guaranteed to end exactly on a
basic solution, and has a tendency to find solutions that lie between observations/constraints. An ad-hoc
procedure for finding the basic solution is to choose the indices of the smallest p quantile residuals; more
careful programs, however, have capabilities to identify basic solutions after running an interior point
algorithm. See section 10.3.2.4 (“Basis Identification”) of the Rmosek manual (MOSEK ApS, 2018).

3 Relationship between constrained rankscore statistic and Koenker and
Machado (1999)

At a casual glance it may be difficult to recognize that the rankscore process proposed in the main text
is related to the rankscore process defined in Koenker and Machado (1999). They were concerned with
the hypothesis that the last ¢ quantile regression coefficients are equal to zero against an unrestricted
alternative. To rewrite their statistic, first define partitions of the H, matrix

1
nh

DK =X B /XX, ke {1,2).

ni=1

I:Injk('r) =



Then Koenker & Machado define (these terms are rewritten a little differently from the original to

accommodate more general forms of heteroskedasticity than were considered in that paper)

X, =X1H;111(T)Hn12(’f)
My = 1(1—1)(Xy —X2) (X, —X,)/n (A.13)

- 1 <& .
Skm(T) = W ;(XZi —X5i)A15i(7)
Ty (7) = g;M(T)MEI%/[SKM(T)- (A.14)

To show that Ty, is comparable to the regression rankscore statistics considered here, set the matrix R to
the selector matrix 2 = [0, I;] used earlier (where s+q = p), which corresponds to the hypothesis H, :
P2 =0, and recall that in general any linear restriction R3 = r in a linear model can be reparameterized
to an equivalent test of a zero restriction (Davidson and MacKinnon, 1993, Section 1.3). The Ty
statistic implicitly uses the unrestricted alternative hypothesis because the score based on unrestricted
estimation is identically zero. In other words, the score processes discussed in Koenker and Machado
(1999) are equivalent to those here except for the form of the null and alternative hypotheses. In
Lemma 3.1 the right-hand side of the equality is written as the rankscore statistics referred to in the
main text.

Lemma 3.1. Suppose f3 is estimated under the hypothesis Hy : Ef(7) = 04. Consider the regression
rankscore test statistic Ty, defined in (A.14) for testing this restriction against an unrestricted alternative.
Then

Ten(7) = 5, (1) TET (EE,(7)ET) ™ 25,(7). (A.15)

Proof of Lemma 3.1. Partition H,(7) into four conformable matrices — the upper left an s x s matrix
H,,; and lower right a q x q matrix H,,,, for example. In this proof, the partitions of H,, are referred to

without bars to reduce notational clutter. Define

_H,?]ll(T)HrﬂZ(T)

Ap(t) = [ !

}GRW.
q

A,(7) can be used to rewrite the X, terms used in Koenker and Machado (1999). In particular, X, =

Xnglll(T)Hnlz(T) so that it can be verified that

XZ —Xz :XAH(T)

This also implies Mg, = 7(1— T)AI(T)DHAH(T) where My, was defined in (A.13). Finally Tg;, can be
rewritten
Tn (7) = A1 (£)XA(7) (7(1 = AT (1)D,A, (7)) AT ()X A, (7).

Now consider the formula on the right-hand side of (A.15): using a partitioned matrix formula it



can be verified that

EH (DX T = (Huop(7) — Hyp (F)H L ()Hy12(7)) ™ (XT = Hopor (1)H 2 (0X])
=H2(1)A(1)X ",

using H>? to denote the (2, 2) block of H,*. Plugging this into the right-hand side of expression (A.15),
the result holds if

(AT(7)D,AL(T)) " = H2(7) (EH Y (v)D,H }(v)ET) " H?(x)
= AN(T)DAL(T) = (H(1)) " (BH (7)D,H Y ()=T) (H22(x))
& H*2(1)A] (1)D,A(T)H?2(7) = EH, ' (7)D,H; }(v)E .

This last equivalency is true because, for example HSZ(T)AH(T)T = EH, (1), which can be verified

using a partitioned matrix formula. ]

4 Examples

Example 1. Here is a simple illustration of the test statistics discussed in the main text. Suppose that
X =1, so that the quantile regression estimator is Qy(7) = a(7), and we would like to test whether the
(unconditional) distribution of Y dominates the standard normal distribution at first order. In terms of
quantile functions that is the condition that a(t) > ®~!(1), where ®~! is the standard normal quantile
function. Typically in the econometrics literature a null of dominance is used, and the alternative is that
a point T € 7 exists where the distribution of Y does not dominate (Linton et al., 2010). Constrained
quantile regression estimates make it straightforward to design a test for these hypotheses. Consider
tests of

Ho:Qy(t)>® (1) forallteT

H, : there is some 7, € T such that Qy(74) < ® (7).

The two hypotheses make this a type B problem. The model is estimated two ways; it is estimated
once without constraints and once subject to the null constraint that a(t) > ® !(t). Evidence of a
significantly positive effect at some quantile level would be indicated by a large value of one of the test
statistics.

The problem is marginally one-dimensional, so constrained estimates are simply () = &(-)vV®~(-),
where @ is the unconstrained quantile estimate. Then 5 ()= v/n(a(-)—&1()) and its limit belong to
the marginally polyhedral tangent set Tz(fy) =R, x 7.

Using Theorem 2.1, § is marginally characterized by the simple problem §(7) = argminseg, —O0B(7)+
52¢(®71(1))/2, where ¢ is the standard normal density and B is a standard Brownian bridge. That is,
5()=¢ (@ 1(-))(B(-) V0). Lemma 4.1 part (f) shows that, under the least favorable null, for each 7
the likelihood ratio process is marginally distributed as £2(7) ~ (B(t) A 0)?/(7(1 — 7)), which can be



easily simulated.

The two most popular functionals for measuring the distance between inference processes such as
these are the supremum- and L? norm metrics: for any function f : 7 — R, let the sup-norm statistic
derived used here is ||f || oo := sup,es f(7), and |[|f |5 := fT(f(T)VO)ZdT. To make a statistical decision
and to inspect the performance of the asymptotic theory, p-values are convenient. Given an observed in-
ference process and derived statistic T using one of the norms described above, simulate the asymptotic
limit process ny;,,, times, obtain T, = ||$,f|| for k =1,...ny;,, and calculate p* = n;}n ?;qn (T > 7).
Under the null hypothesis, p* should be uniformly distributed.

To produce the p-value plots in Figures 1 and 2, samples of size 100, 400 and 1000 were generated
from a standard normal distribution and regressed on an intercept, either without constraint (so they
are the sample quantiles) or under the dominance constraint. The inference processes are discretized —
quantile regression coefficients are evaluated for 7 € {0.05,0.06,...,0.95} and the norms are applied
over this grid. The asymptotic process is also simulated on the same discretized grid. 1000 processes
were estimated for each sample size and 1000 simulated processes were used to construct a reference
distribution.

Figure 1 shows p-value plots derived from sup-norm statistics. In left-side panels, CDFs of p-values
derived from an inference process are plotted against the theoretical uniform target CDE On the right,
the difference between empirical and theoretical CDFs are plotted. Figure 1 reveals a close correspon-
dence between the p-values generated, even when the sample size is fairly small. A slight improvement
can be seen when increasing the sample size.

The picture is similar for the L? statistics. Figure 2 shows p-value plots for these statistics. The same
sample sizes and statistics are shown as in Figure 1, except that a different functional is used to evaluate
the evidence against the null contained in the inference processes. Figure 2 looks very similar to the
supremum norm results.

Example 2. Suppose that the random variable D denotes a treatment that is assigned randomly, and
we can be confident that the treatment does not negatively affect agents. Then a plausible model might
be

Qyx.p(TIX,D) =X"B1(7)+ Bo(T)D, (A.16)

estimated subject to the maintained hypothesis that € RP™! x R, for all 7 (it is assumed that X

contains an intercept). Suppose we wish to test

Hy:By(t)=0forallteT

Hy : B5(7o) > 0 for some 17y € T.

Then a test can be conducted that uses equality constrained and inequality constrained estimates. The
use of these particular estimates makes this a type A problem. Once again, evidence of a significantly
positive effect at some quantile level would be indicated by a large value of one of the test statistics.

; —_roT
For this problem R = [Op_l,
only Wald and regression rankscore processes are considered here.

1] and r = 0. It is not assumed that the data are identically distributed, so
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Figure 1: p-value plots for sup-norm statistics derived from the type-B inference processes described
in the text for the one-sample data generating process described in the first example. The left panels
show the CDFs of the p-values against the uniform CDE The right panels show differences between the
empirical p-value CDFs and the uniform CDF (vertical scale from -5% to +5% so all plots have the same
scale). 1000 processes were estimated, and 1000 limit processes were simulated to serve as a reference
distribution and calculate simulation based p-values.



? p—value CDFs, rho process s Difference from unif, rho process
o) -
g3 - £y
7 o n S - L » S A
o - E o AJ 2 orp A R NN AR
=< . £ NN e ey
S - - n=100 g | v
= © n=400 Sy
g—o B -=- n=1000 E’g — -
oS "I T T T T T w T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Uniform p-value Uniform p-value
? p—-value CDFs, Wald process s Difference from unif, Wald process
=] * @ ]
g 003 =] 8 . RN S, MRS !
] n 9 Ay v, \ N R N ta i
o g o AN et N AT ‘:\,'(
T < é W . N S VL "‘.l\c - "\"5..14;’:’100
8o < o - “h= 400
£o £2 -~ n=1000
w S T T T T T T w T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Uniform p-value Uniform p-value
? p—-value CDFs, rankscore process s Difference from unif, rankscore process
3 i SR ,.
g 2 ﬁ g . ., .,"“'.,I.' ‘ﬁ\\“"\\'nl\’ “\\ ;
é}. =e} .,‘:"."'"\'x"l'\"""-'."‘-‘~ e ”‘:‘\ %y
TS £ | - v A
oo € < ST 188
= ; cen=4
8o £2 - -~ n=1000
e I T T T T T W T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Uniform p-value Uniform p-value

Figure 2: p-value plots for L2 norm statistics in the one-sample example. The simulation details are the
same as for the sup-norm statistics with the one-sample data generating process.
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Figure 3: p-value plots for sup-norm statistics derived from the type A inference processes for detecting
a positive treatment effect in the regression data generating process example. The left panels show the
CDFs of the p-values against the uniform CDE The right panels show differences between the empirical p-
value CDFs and the uniform CDF (vertical scale from -5% to +5% so all plots have the same scale). 1000
processes were estimated, and 1000 limit processes were simulated to serve as a reference distribution
and calculate simulation based p-values.

The suggested matrix X, discussed above is used, using the default settings available in the R pack-
age quantreg (Koenker, 2017) — that is, from the standard error option ’ker’, involving a Gaussian
kernel with a robust estimate of the scale of the distribution. The limit process must be simulated using
the estimate %, since the weights in the Q2 process generally depend on ¥, and so the process does not
have a pivotal distribution. For each process in the example below, a p-value is simulated using >, and
1000 simulated Gaussian processes.

In the simulations for this example p was set to 4 and all regressors were generated as independent
standard normal random variables. For each of 1000 simulation runs, ¥ was estimated and a p-value
was generated from 1000 simulated asymptotic statistics (either sup-norm or L?-norm) that depend on
%,. To simulate the asymptotic process, let q(5,7) = (6 — W(1))'=7!(7)(6 — W(7)) and note that
asymptotically, both the Wald and score processes have the same marginal distributions as the differ-
ence ming.5,—o (6, T) —ming.s,>0q(6, T), where g was defined in (A.3). Reduce this to the difference
(W,(7) A 0)?/%55(7), which can be simulated given an estimate of 5.

Figure 3 reveals that both processes produce very similar results, and Figure 4 reveals that the L2
statistic behaves much as the supremum norm statistic. These statistics are most likely so similar because
of the relatively simple data generating process used for simulations, and may produce different results

under heteroskedastic designs, for example.

11



§ p—value CDFs, W n S Difference from unif, W n
c £ - .
3 2 | 2
o 20 L PRSI
- = N ey F 100
@ e ! [N TRy ‘s
9 < i ~'-5.:\ b '.Ar_',‘."l{_\A‘":“.ﬁ - 'n =400
= g2 N CMUUEECT oo = 1000
L% 0 ! | | | | | |
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Uniform p-value Uniform p—-value
§ p—-value CDFs, T n o) Difference from unif, T n
3 2. !
I> g O —
o E°
8 Ex -
LIEJ Qg ! | | | | | |
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Uniform p-value Uniform p—-value

Figure 4: p-value plots for L? norm statistics in the regression example. The simulation details are the
same as for the sup-norm statistics with the regression data generating process.

References

D.WK. Andrews. Estimation when a parameter is on a boundary. Econometrica, 67:1341-1383, 1999.

D.WK. Andrews. Testing when a parameter is on the boundary of the maintained hypothesis. Econo-
metrica, 69:683-734, 2001.

S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press, Cambridge, 2004.

R. Davidson and J.G. MacKinnon. Estimation and Inference in Econometrics. Oxford University Press,
New York, 1993.

R. Koenker and J.A.E Machado. Goodness of fit and related inference processes for quantile regression.
Journal of the American Statistical Association, 94:1296-1310, 1999.

R. Koenker and P Ng. Inequality constrained quantile regression. Sankhya: The Indian Journal of
Statistics, 67:418-440, 2005.

Roger Koenker. quantreg: Quantile Regression, 2017. URL https://CRAN.R-project.org/
package=quantreg. R package version 5.33.

O. Linton, K. Song, and Y.-J. Whang. An improved bootstrap test of stochastic dominance. Journal of
Econometrics, 154:186-202, 2010.

MOSEK ApS. MOSEK Rmosek Package. Version 8.1., 2018. URL https://docs.mosek.com/8.1/

rmosek/index.html.

12



